INTRODUCTION
In this paper, we study the existence and uniqueness of a solution to the Cauchy problem for a nonlinear integro-differential equation of and D2u the matrix of space second derivatives.
We propose an extension to (1) of the notion of viscosity solutions, whose original theory applies to fully nonlinear possibly degenerate partial differential equations -we refer to the User's guide to viscosity solutions [3] for a presentation of the theory. In addition to the classical requirements that F be elliptic:
and satisfy, for some ~ ~ R, we shall essentially impose that M is nondecreasing with respect to the first variable:
Most works about viscosity solutions of integro-differential equations we are aware of treat the linear case (M(a, b) = a -b) and the related optimal control problem (with an integral term of the form + z) -u(t, ~) and restrict to bounded continuous subsolutions and supersolutions (see for instance Soner [11] ). In this paper, we allow the functions to be semicontinuous and unbounded (see Sayah [10] for results in this direction). This (3) .
To simplify the presentation, we shall focus on linear F, but comparison results could be obtained for more general local operators as in Crandall, Ishii and Lions [3] . And we shall apply these methods to the following equation arising from the stochastic differential utility model under PoissonBrownian information, in Finance theory
We note here that the underlying probabilistic problem was solved by Ma [8] , using the theory of stochastic differential equations. But the results we obtain for (4) remain of interest, since the exclusive use of PDE arguments allows to weaken most assumptions (concerning the measure m, the regularity of M, or the case of unbounded solutions).
In order not to obscure the main ideas of this work, we leave to the reader very natural extensions appearing in the literature, which can be treated within the framework we propose here. For instance, we could allow M to depend on t, x, consider the associated optimal control problem, allow more general jumps with size x, z) instead of z, as well as unbounded measures (in the neighbourhood of 0) -as in Bensoussan and Lions [2] , Sayah [10] , or Soner [12] .
The paper is organized as follows. In section 2, we give equivalent definitions of semicontinuous subsolutions and supersolutions of (1 If u E x (~N), we consider its subjet ~2~-u(t, x) _ -~2~+ (-u) (t, ~) and its closure ~2' u(t, ~) _ -7~2'+ (-~c) (t, ~). Note that the semijets are defined at the boundary {t = T}, for technical reasons.
VISCOSITY SOLUTIONS AND PERRON'S METHOD
In this section, we extend the definition of semicontinuous viscosity solutions to integro-differential equation (1) . As 
We can now define the notion of semicontinuous subsolutions and supersolutions of (1) which is a straightforward adaptation of [3] .
satisfying (7) (7) and (8), is a viscosity solution of (1) if it is a viscosity subsolution and a viscosity supersolution of ( 1 ).
Remark 2. -It is equivalent to require that a subsolution (resp. supersolution) satisfy (9) (resp. (10) We first note that 11:. v*, v* v, because of the continuity of ~c, v, and therefore (12) implies that integrability condition (7) (resp. (8)) is fulfilled for v* (resp. v*). We shall show that v*, v* are respectively a subsolution and a supersolution of (1 and then that v is a viscosity solution of (1), with u v v, as asserted. As a matter of fact, we begin by establishing that v* (resp. v*) is a subsolution (resp. supersolution) of (1) with generalized boundary condition, that is to say with the inequality 302 U. ALVAREZ AND A. TOURIN u( T, x) uT(x) in Definition I (resp. u( T, x) > uT(x)) relaxed to r for (p, q, A) E ~2~-u(T, x), if u(T, x) UT(X), respectively). We conclude by observing that a subsolution (resp. supersolution) to the Cauchy problem with generalized boundary condition is indeed a subsolution (resp. supersolution) in the sense of Definition 1, reproducing here the proof given by [1, Proposition 5] , for the sake of completeness.
We first prove that v* is a subsolution of (1) bo ) {s, y) . The fact that v* is a subsolution and ( 14) then imply (9) . Finally, observe that w*(t, x) > + bo) > v*(t, x); hence there is (s, y) such that w(s, y) > v(s, y). We thus obtain a contradiction with the definition of v once we know that w, as a subsolution of (1) (5) bounded from below viscosity supersolution of (15). . In particular, u (resp. v) satisfies (9) (resp. (10) 
